


When do six points in P? lie on a conic?



When do six points in P? lie on a conic?

1. Pascal's theorem (1640) and its converse (Coxeter-Greitzer
1967):



2. Determinant of the following vanishes:
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i.e. the images under the Veronese map vy : P2 — IP° lieon a
hyperplane.

up VYo Wo o Yo <0
3. Condition in the 20 minors Qijk of lup vi w1 =1 Y1 =1

U2 Vo W2 T2 Yz 22

4012 9034 4135 9245 — 013 024 4125 q345 = 0.
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When do points lie on a hypersurface?

When do (”+j_1) in P~ lie on a hypersurface of degree d?

Example
Bruxelles problem: 10 points on a quadratic surface in P3

» Synthetic construction due to [Traves 2024]

» Condition in the minors of

ap bp co do eo fo ho go o Jo
ap by ¢ di et f1 i og1 1 g
ag by co da ex fo ha g2 iz Jo
az3 b3 c3 d3 ez f3 hs g3 i3 J3

given by [Turnbull-Young 1927] ; polynomial with 240 terms
» Straightened to a 148-term polynomial by [\White 1990]

Today: when do k¢ points lie on a bilinear hypersurface in
Pk x P17



The Segre determinant

Fix n =kl and let A1 X By, ..

Segk’g = det

Example

Four points [a1’1] X [b1’1] .

a1

Segy o = det

b2 1

a1,1b1.1
a1,1b2.1
az,1b1,1

| a2,1021

., A, X B,, denote n points in
P*=1 x P!=1. The Segre determinant is the polynomial

A1 ® By

a1,2b1,2
a1,2b22
a2,201 2
a2,2b22

N

aj 4
)
a4

A, ® By,

a1,301,3
a1,302,3
a2,3b1 3
a2,3b2 3

1,4
b2.4

a1,4b1 4
a1,4b2 4
a2.4b1 4

a2,4b2 4 |

] c P! x P'. Then




Example, continued

Lemma
The Segre determinant Segy, 4 is a polynomial of bi-degree (I, k) in
the maximal minors of

Example

In maximal minors of

A - |@1 a2 a1z aig B o big bio b13 bia
a1 G222 G23 G24 b1 boo ba3 by

we have
Segy o = A12A34B13B24 — A13A24B12B34.

Vanishes when the cross-ratios % and % are equal.
13424 13024



Computer vision

The polynomial Segs 5 appears in algebraic vision as a necessary
condition for two configurations of nine points in P? to have a
common recovery in P3.

See [On The Existence of Epipolar Matrices, ALST 2016]



Segz s = [123[456](789] (3(123)(457)(689) —(123)(467) (589)+3(124) (356) (789) —3(124) (357) (689) +(124)(367) (589) —
(124)(368) (579)— (125) (346) (789)+(125) (347) (689) +(127) (348) (569) — ( 134) (258) (679) — (135) (247) (689) +
(145)(267)(389)+(147)(258) (369))-+[123][457] [689] (— 3(123) (456) (789) +(124) (368) (579) — (126) (348) (579) +
(135)(246)(789) — (146)(258) (379))-+[123][458][679] (— (124) (367) (589) — (125) (346) (789) +(126) (347) (589) +
(146)(257)(389))+[123][467] [589] ((123) (456) (789) — (124) (358) (679)+(125) (348) (679) +(134) (256) (789) —
(135)(246)(789)+(145) (268) (379))+[124][356][789] (—3(123) (456) (789) +(123) (468) (579) +(135)(247) (689) —

(135)(267)(489)— (137)(258) (469) )+ [124][357][689] (3(123) (456) (789) — (123) (468) (579) — (135) (246) (789)+
(136)(258)(479))+[124] [358] [679] ((123) (467) (589) — (136} (257) (489))+[124][367] [589] (— (123) (456) (789) +

(123)(458) (679)+(135)(246) (789) — (135) (268) (479) ) +[124] [368] [579] ((123) (456) (789) —(123) (457) (689) +
(135)(267)(489))+[125][346][789] ((123) (456) (789)+(123) (458) (679) — (123) (468) (579) —(134) (257) (689) +
(134)(267)(589)+(137)(248) (569) )+ [125][347] [689] (— (123) (456) (789) -+ (123) (468) (579) +(134) (256) (789) —

(136)(248) (579))+[125] [348] [679] (— (123) (467) (589) +(136) (247) (589) ) +[125] [367] [489] (— (134) (256) (789) +
(134)(268)(579))— [125] [368][479] (134) (267) (589) -+ [126][347] [539] (— (123) (458) (679) -+(135) (248} (679) )+

[126][348][579] ((123) (457) (689) — (135)(247) (689) ) — [126][357] [489] (134) (258) (679) +[126][358][479] (134)(257) (689) +
[127][348][569] (— (123) (456)(789) +(135) (246)(789))— [127][358][469] (134) (256) (789) +[134] [256] [789] (— (123) (467) (589) —
(125)(347) (689)+(125) (367) (489)+(127) (358) (469))+[134][257][689] ({125) (346)(789) — (126) (358) (479) )+

[134] [258][679] ((123) (456} (789) +(126) (357) (489) )+ [134] [267] [589] (— (125) (346) (789) +(125) (368} (479))—
[134][268][579] (125)(367) (489) +[135][246] [789] (— (123) (457) (689) + (123} (467) (589) +(124) (357) (689) — (124) (367) (589) —
(127)(348)(569))+[135][247][689] ((123) (456) (789)— (124} (356) (789)+(126) (348) (579) ) —[135] [248][679]) (126) (347} (589) +
[135][267][489] ((124) (356 (789) — (124)(368) (579))+[135][268][479](124) (367) (589) — [136][247] [589] (125} (348) (6 79) +
[136][248][579]{125)(347) (689) +[136][257] [489] (124) (358) (679) —[136][258][479] (124) (357) (689) —

[137][248][569] (125) (346) (789) +[137][258] [469] ( 124) (356)(789) +[145] [267][389] (—(123) (456) (789) +(123)(468) (579) ) —
[145][268][379](123)(467) (589) — [146][257] [389] (123) (458) (679) -+ [146][258][379] (123) (457) (689) —
[147][258][369](123)(456) (789).
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The Chow-Lam form (P-Sturmfels 2025)

» The Chow form (1937): Assigns to V C P"~! a polynomial
Cy which encodes it

» Chow-Lam form (2025): Assigns to V C Gr(k,n) a
polynomial C'Ly, which (usually) encodes it

Thomas Lam studied C'Ly, where V is a positroid variety.



The Chow-Lam form, cont.

Fix a variety V C Gr(k,n) of dimension k(r — k) — 1. We have

Fl(k,n —r+ k,n)
% X
Gr(k,n) Gr(n —r+k,n)

The Chow-Lam form CLy, cuts out the hypersurface* (w1 (V)).

Dimension-checking:
» Fiber of my is Gr(n — 7, n)
> dim7; '(V) = (r—k)(n—r+k)—1=dimGr(n—r+k,n)—1

*Usually a hypersurface, depends on coefficient of a certain Schubert
class in the cohomology expansion



The twisted cubic
We have £ =1 and dimV =1, so

FI(1,2

/\

Y C P = Gr(1,4) r(2,4)

The Chow locus is lines in ?? which contain a point on V. The
Chow form is the determinant of the Bézout matrix :

P12 P13 P14
Cy =det |p13 pia+p23 pos
P14 P24 P34

lts expansion is

—p:le —P%4P23 +2p13P14D24 —p12p§4 —P%3P34 +P12P14P34 +P12P23P34-



Curve in Gr(2,4)
Let V be a curve in Gr(2,4), so

FI(2,3,4)
V C Gr(2,4) Gr(3,4) = (P3)Y

Then CLy is planes P containing a line L in P3, with L on V.

/\

/\

LD

Let Xy be the surface in P3 swept out by all of the lines in V.
Then CLy equals the dual variety X .



Coordinate Systems

A linear space L can represented multiple ways.
» Primal : as the kernel of an (n — k) X n matrix
» Dual : as the rowspan of a £ X n matrix

The primal and dual Pliicker coordinates are the maximal minors of
these matrices.

Example (Coordinates on Gr(3,5))

P12 P13 P14 P15 D23 P24 P25 P34 P35 P45
q345 —(q245 (4235 —Q234 (G145 —q135 {134 (125 —q124 (123



Chow-Lam for torus orbits
The torus T = (C*)™ acts on Gr(k,n) via

t- A1 ... An| = [t14A1 ... t A,

We denote the orbit closure of a point A in Gr(k,n) by
Ta:=T-ACGr(k,n).



Chow-Lam for torus orbits

The torus T'= (C*)™ acts on Gr(k,n) via

t- |Al

Ap

t14;

tnAn

We denote the orbit closure of a point A in Gr(k,n) by

Theorem (P- 2025)

Suppose n = kl with k,¢ > 2 and that A € Gr(k,n) has nonzero
Pliicker coordinates. Then

The Chow-Lam form of T4 in primal Pliicker coordinates By on

Ta:=T-ACGr(k,n).

CLy, C Gr(n —{,n).

Gr(n — £,n) is the Segre determinant Segy, (A, B).



Example: torus orbits

Fix a general point

ail a2 a3 a4 a1 aie
A= e Gr(2,6).
a1 @G22 a23 QG24 G25 A2

Then T4 is a toric variety with polytope
A(2,6) = conv{110000, 101000, ...} c Z°.
lts Chow-Lam form is

Segy 3 = (A12A34A56 + A14A25A36) B123Base — A13A25 Age B124B3se
+A12A35A46 B13aBase — A12.A34As6 B13s Boag + A13A24As6 B125B346-
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Example: torus orbits

Fix a general point

ail a2 a3 a4 a1 aie
A= e Gr(2,6).
a1 @G22 a23 QG24 G25 A2

Then T4 is a toric variety with polytope
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lts Chow-Lam form is
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» Dimension of X? Codimension in Gr(2,6)7
» Cohomology class? 423 + 2€29 1
» Degree in P ? 26



Degree formula

Suppose dimV = k(r — k) — 1 and write

V= ) a0 € H'(Gr(2,4),Z)
ACkXx(n—k)

where
Q)\:{L : LﬂEiZn—k—l—)\i—i}.

The Chow-Lam degree a(V) is the unique coefficient with

A=(n—r+1,n—r ...,n—r).

Proposition (P-Sturmfels 2025)

The Chow-Lam form CLy, is an irreducible polynomial of degree

a(V).



Non-generic torus orbits

Theorem (P- 2025)

Fix a point A in the Grassmannian Gr(k,n) such that

dim T4 = k(r — k) — 1 < n. Then the Chow-Lam form of T4 in
primal Pliicker coordinates By on Gr(n — r + k,n) divides the
Segre determinant Segy, o(A, B)

Example

Suppose that A is in Gr(2,4) and A2 = 0. Then the 4 x 4 Segre

matrix has determinant A3A34B12B34, but the Chow-Lam form is
B1o.



Klyachko's formula

The variety T4 depends only on the matroid M of A, i.e.

(I : Ar#0} C ([Z])

The numbers ¢\ (M) := c)(A) are the Schubert coefficients of M.
Proposition (Klyachko 85)

Let X\ be a partition fitting in a k X (n — k) rectangle. Then the
coefficient c\(Ug.y,) is

k (n .
C)\(Uk,n) = Z(—1)1<,)dim8>\c(@k_’). (1)

- 1
1=0

Corollary
The Chow-Lam degree (U ) is k.



Chow varieties

Setup and notation:
» A nonsingular projective variety X

» The set C.(X,d) of dimension r cycles with class § in singular
homology

Choose an embedding ¢ : X — P(V) and let d := ¢4 in
Ho (P(V),Z) = Z. Then

Cr(X,8) C C(P(V),d) 5 P(Symd(ALmV—r=1y))
V — Cy.

Definition
We call ¢(C-(X,0)) the Chow variety of r-cycles with class .

Independent of embedding ¢ by [Barlet 1975] .



Chow quotients

Setup:
» A nonsingular projective variety X
» An algebraic group H acting on X

» A H-stable subset U C X where the dimension and
cohomology class of H - x are constant

|dea: create parameter space for H-orbits which is a projective
variety.

Definition
The Chow quotient X//H is the closure of the image of

U — Cr(X,9)
x— H-x.




Example of Chow quotient

Setup:
» (C*)% acting on Gr(2,6)
» U is the collection of points x with nonzero Pliicker
coordinates

» 1 :Gr(2,6) < P is the Pliicker embedding
> (5:493+292 and d = 26
Then

Gr(2,6)//(C*)® — P(Sym?5(ASC!)).

The right side is very big!! Dimension roughly 1093.



The Segre coefficient variety

Instead: encode torus orbits by their Chow-Lam form. Recall

Segy 3 = (A12A34A56 + A14A25A36) B123Base — A13A25Ase B124B3se
+A12A35As6 B13aBase — A12A34A56 B135Bos6 + A13A24As6 B125B346.

So we consider

Gr(2,6)° — P*
A (A12A34A56 + A14Ao5 A3, —A13A25 A6,
A192A35A46, —A12A34 456, A13A24A56).

The image is the Segre threefold cut out by
LToXl1X3 — X1X2TX3 — TI2X4 — X1X2X4 — X1X3L4 — T2X3X4.

It is the unique (up to isomorphism) cubic hypersurface in P* with
the maximum number of ordinary double points, namely ten.



The Serge coefficient variety

Consider the map

w2 Gr(k, k0)° — P(H®(Og(e,50)(k))
A s Seg(A, B).

We call the image the Segre coefficient variety .

Theorem (P. 2025)

The Segre coefficient variety with coefficients in A is a projective
variety of dimension k(k¢ — k — 1) + 1 which is birationally
equivalent to the Chow quotient Gr(k,kl)//T.






Bonus: proof idea

Fix A € Gr(2,6). Parameterize the CL locus of T4 as 3 x 6
matrices B such that, for some ¢t € (C*)%, we have

(a11 a9 |
a2 G229
bi1 bi2 biz by bz big i3 o
bai baa baz bag bos bog| - diag(ti, ..., t6) - =0.
bai bay bas bay bas b 14 a2
31 b3z b33 b3s 035 D3
ais a2s
| Q16 Q26
Re-arranging, we obtain the expression
[a11b11 | (12012 ] [a16b16 |
a11b21 a12b22 a16b26 ’
a11b31 a12b32 a16b36
5] + 19 + ...+ g = E t;A; @ B; = 0.
as1b11 ag2b12 az6b16 —
a21b21 a22b22 a26b26
| 421031 | | a22032 | a26b36 |




Positive Geometry

» Math context: “positive” parts of varieties, e.g.
>0 >0 >0
Gr="(k,n), FI="(n), Mg, ..
» Physics context: computing probabilities in particle scattering

Example

The positive Grassmannian Gr=%(k,n) := Gr(k,n) N IP’]%{’“)_l. Its

boundaries are known as positroid varieties.
See [Positive Geometries and Canonical Forms, AHBL]



